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THE SOLECKI DICHOTOMY FOR FUNCTIONS WITH
ANALYTIC GRAPHS
JANUSZ PAWLIKOWSKI AND MARCIN SABOK
Abstrat. A dihotomy disovered by Soleki says that a Baire lass
1 funtion from a Souslin spae into a Polish spae either an be de-
omposed into ountably many ontinuous funtions, or else ontains
one partiular funtion whih annot be so deomposed. In this paper
we generalize this dihotomy to arbitrary funtions with analyti graphs.
We provide a lassial proof, whih uses only elementary ombinatoris
and topology.
1. Introdution
An old question of Lusin asked whether there exists a Borel funtion
whih annot be deomposed into ountably many ontinuous funtions.
By now, several examples have been given, by Keldi², Adyan and Novikov
among others. A partiularly simple example, the funtion P has been
found in [1℄. To dene it, we introdue two topologies on ωω. The rst one,
referred to as the Baire topology is the usual one. The seond, referred to
as the Cantor topology is the one indued by the identiation of ω with
{0} ∪ {2−n : n < ω} ⊆ [0, 1] via 0 7→ 0, n 7→ 2−n. Note that the spae ωω
with the Cantor topology is homeomorphi to the Cantor spae 2ω. The
funtion P is the identity funtion from ωω with the Cantor topology into
ωω with the Baire topology.
Let H = H˙ = H¨ be the Hilbert ube. We onsider subsets A˙ ⊆ H˙,
A¨ ⊆ H¨ and a funtion A : A˙→ A¨. In this paper we will prove the following
result.
Theorem 1. If A˙ and A¨ are analyti and A : A˙ → A¨ is analyti as a
subset of A˙× A¨, then either A an be overed by ountably many ontinuous
funtions, or else there are ϕ˙ : ωω → A˙ and ϕ¨ : ωω → A¨ suh that the
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following diagram ommutes
ωω
ϕ¨
−−−→ A¨xP xA
ωω
ϕ˙
−−−→ A˙
and
• ϕ˙ is a topologial embedding from ωω with the Cantor topology into
A˙,
• ϕ¨ is a topologial embedding from ωω with the Baire topology into A¨.
Theorem 1 has been proved by Soleki [2, Theorem 4.1℄ in the ase when
A is a Baire lass 1 funtion. Zapletal [3, Corollary 2.3.48℄ proved this
dihotomy in the ase when A is a Borel funtion and A˙ = ωω (however,
that argument does not seem to work in ase when A˙ is an arbitrary Souslin
spae). The formulation of Theorem 1 seems to be a natural generalization
of both these ases.
It should be noted that both proofs of Soleki and Zapletal use quite
sophistiated methods of mathematial logi and the Borel ase uses the
Baire lass 1 ase and Borel determinay. On the other hand, our proof
works in the seond-order arithmeti.
2. Notation
If T ⊆ S<ω (S is some ountable set) is a tree, then we write limT for
{s ∈ Sω : ∀n < ω s ↾n ∈ T}. For σ ∈ S<ω we denote by [σ] the set
{s ∈ Sω : σ ⊆ s}.
The Hilbert ube H is endowed with the standard omplete metri. We
write |x, y| for the distane between points x, y ∈ H , |X| for the diameter of
a subset X ⊆ H and |X, Y | for the Hausdor distane between X, Y ⊆ H .
For k ≤ l < ω write
|k, l| =
{
2−k − 2−l if k > 0,
2−l if k = 0
and for l < k < ω let |k, l| = |l, k|.
If 0 < N ≤ ω and s, r ∈ ωN , dene
|s, r| =
∑
n<N
|s(n), r(n)| · 2−n.
Notie that for N = ω the above metri gives the Cantor topology on ωω.
We x also a omplete metri for (ωω)ω and use |·, ·| to denote distane
and diameter.
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For (r, x˙, x¨), (s, y˙, y¨) ∈ (ωω)ω × H˙ × H¨ write
|(r, x˙, x¨), (s, y˙, y¨)| = max(|r, s|, |x˙, y˙|, |x¨, y¨|)
and, as above, write |X˜| for the diameter of X˜ ⊆ (ωω)ω × (H˙ × H¨)
Let pi : (ωω)ω × (H˙ × H¨) → H˙ × H¨, p˙i : (ωω)ω × (H˙ × H¨) → H˙ and
p¨i : (ωω)ω × (H˙ × H¨) → H¨ be the projetion maps.
IfX is a subset ofA, then by X˙ and X¨ we denote the projetions ofX onto
H˙ and H¨ , respetively. We write Y ⊆nwd X if Y ⊆ X and Y˙ ⊆ cl(X˙ \ Y˙ ).
3. The dihotomy
In the remaining part of this paper we give a proof of Theorem 1.
We denote by I the σ-ideal of subsets of A generated by graphs of on-
tinuous funtions. We say that a subset X of A is I-positive if X 6∈ I.
Lemma 1. If X ⊆ A is I-positive, then
(1) X¨ is unountable,
(2) there exists I-positive Y ⊆ X suh that Y is relatively losed in X
and Y ⊆nwd X.
Proof. The rst part is obvious. Note that X : X˙ → X¨ is a Baire measur-
able funtion, so X˙ has a dense Gδ (relative) subset G suh that X↾G is
ontinuous. Write X˙ \G =
⋃
n<ω Fn, where eah Fn is losed nowhere dense
(relative) subset of X˙ . Now
X = X↾G ∪
⋃
n<ω
X↾Fn.
Sine X ↾G ∈ I, at least one X ↾Fn is I-positive. Note that X ↾Fn =
X ∩ (Fn × H¨) is relatively losed in X . 
Lemma 2. Let ε > 0 and X˙ ⊆ H˙. There is K ∈ ω suh that for any
sequene 〈X˙k ⊆ X˙ : k < K〉 suh that for k 6= k
′ < K
X˙k ∪ X˙k′ is dense in X˙
there is k < K suh that
|X˙k, X˙| < ε.
Proof. Using ompatness of H˙ , nd nite set Y˙ ⊆ X˙ suh that |Y˙ , X˙| < ε.
Let K be any number greater than the ardinality of Y˙ .
Sine |X˙k, clX˙k| = 0, without loss of generality assume that all X˙k are
losed and for k 6= k′ we have X˙k ∪ X˙k′ = X˙ . We searh for k suh that
Y˙ ⊆ X˙k. If every k fails at some point of Y˙ , then there are k 6= k
′
that fail
at the same point. This violates X˙k ∪ X˙k′ = X˙ . 
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3.1. Projetion and ordering. For σ ∈ ω<ω write lhσ for the length of
σ and σ∗ for σ with the last digit removed if σ 6= ∅ (and let ∅∗ = ∅).
For n < ω we dene the projetion funtion
ωn ∋ σ 7→ σ′ ∈ ωn
as follows: the rst largest digit of σ whih is ≥ n is hanged to 0; if there
is no suh digit, we put σ′ = σ.
Write σ1 = σ′ and σi+1 = (σi)′. Note that for σ ∈ ωn
• (σn)′ = σn,
• |σ, σ′| ≤ 2−n · 2−i if the hange oures at i-th digit,
• |σ, σ′′| = |σ, σ′| + |σ′, σ′′|, sine the onseutive hanges oure at
dierent plaes,
• |σ, σn| ≤ 2 · 2−n
Fix an ordering  of ω<ω into type ω suh that σ′  σ and σ∗  σ for
eah σ ∈ ω<ω. Write #σ for the number indiating the position of σ with
respet to . Note that #∅ = 0, #〈0〉 = 1 and lhσ ≤ #σ
3.2. Solids. We all a nonempty analyti X ⊆ A solid if for all open U ⊆
H˙ × H¨ either U ∩ X = ∅, or else U ∩ X is I-positive. Note that every
analyti I-positive set ontains a solid. If X is a solid, then for eah open
set U ⊆ H˙ × H¨ either U ∩X = ∅, or else U ∩X is solid.
Without loss of generality we assume that A is solid.
3.3. Trees. For a tree T on ω × ω write proj[T ] = {σ ∈ ω<ω : ∃τ (σ, τ) ∈
T}. For σ ∈ ω<ω write Tσ = {τ : (σ, τ) ∈ T} and for s ∈ ω
ω
write
Ts =
⋃
n<ω Ts↾n. If {Xρ,τ : (ρ, τ) ∈ T} is a family of sets and σ ∈ ω
<ω
, put
Xσ =
⋃
{Xσ,τ : τ ∈ Tσ}.
Lemma 3. Suppose T is a tree on ω×ω suh that for eah s ∈ ωω the tree
Ts is nitely branhing and there is exatly one branh ψ(s) ∈ lim Ts. Then
the map ψ : ωω → ωω is ontinuous.
Proof. Let t = ψ(s) and x n < ω. We need to nd m ≥ n suh that
ψ
[
[s↾m]
]
⊆ [t↾n].
Suppose towards a ontradition that for eah m ≥ n there is sm ⊇ s↾m
suh that ψ(sm) 6⊇ t↾n. Consider the tree
T ∗ = {τ ∈ Ts : τ 6⊇ t↾n}.
Then for eah m ≥ n we have
• ψ(sm)↾m ∈ Tsm↾m = Ts↾m ⊆ Ts,
• ψ(sm)↾m 6⊇ t↾n, i.e. ψ(sm)↾m ∈ T
∗
.
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So T ∗ is an innite nitely branhing tree. Pik t∗ ∈ limT ∗. Then t∗ ∈
limTs but t
∗ 6= t, a ontradition. 
3.4. Cylinders. By a ylinder with base X we mean a losed set X˜ ⊆
(ωω)ω × H˙ × H¨ suh that pi[X˜ ] = X and there exists N < ω suh that for
eah x ∈ X and for eah r, s ∈ (ωω)ω(
s↾N = r↾N ∧ (s, x) ∈ X˜
)
⇒ (r, x) ∈ X˜.
In this ase we say that X is unfolded to X˜ .
Note that the base of a ylinder is analyti and that every analyti subset
of A an be unfolded to a ylinder. A ylinder is solid if its base is solid.
For the rest of the proof x a solid ylinder A˜ with base A.
Lemma 4.
(a) Given a ylinder X˜ with base X, any analyti Y ⊆ X an be unfolded
to a ylinder Y˜ ⊆ X˜.
(b) Given ε > 0, solid ylinder X˜ and an analyti I-positive Y ⊆ X,
there is a solid Z ⊆nwd Y that an be unfolded to a ylinder Z˜ ⊆ X˜
suh that |Z˜| < ε.
Proof. (a) Fix losed D ⊆ ωω × H˙ × H¨ that projets onto Y . Let N < ω
witness that X˜ is a ylinder. Dene Y˜ by
(x, z) ∈ Y˜ i (s, z) ∈ X˜ ∧ (s(N), z) ∈ D.
(b) By Lemma 1 nd analyti I-positive Y0 ⊆nwd Y . Unfold Y0 to a
ylinder Y˜0 ⊆ X˜ and write Y˜0 as a ountable union of ylinders of diameter
less than ε. At least one of them, say Y˜ , has I-positive base. Shrink this
base to a solid Z and unfold Z to a solid ylinder Z˜ ⊆ Y˜ . 
3.5. Solid trees. Given a nite tree S on ω × ω, all a family
〈X˜σ,τ : (σ, τ) ∈ S〉
of solid ylinders a solid tree if
• X˙σ,τ ⊆ clX˙σ∗,τ∗,
• X¨σ,τ are pairwise disjoint and relatively open in
⋃
(σ,τ)∈S X¨σ,τ .
Lemma 5. Let ε > 0 and 〈X˜σ,τ : (σ, τ) ∈ S〉 be a solid tree. Suppose
η 6∈ proj[S] and η∗ ∈ proj[S]. Let Y ′, Y ⊆ H˙ × H¨ be suh that Y˙ ′ ⊆
clY˙ . Then there exists a solid tree 〈X˜ ′σ,τ : (σ, τ) ∈ S
′〉 suh that S ′ ⊇ S,
proj[S ′] = proj[S] ∪ {η} and
(1) for τ ∈ S ′η we have |X˜
′
η,τ | < ε,
(2) if (σ, τ) ∈ S, then X˜ ′σ,τ ⊆ X˜σ,τ ,
(3) if σ ∈ proj[S], then |X˙ ′σ, X˙σ| < ε,
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(4) |X ′η, Y
′| < |Xη∗ , Y |+ ε.
Proof. Denote η∗ by ξ. Fix large K < ω. Find L < ω and akτ,l ∈ Xξ,τ (for
l < L, k < K, τ ∈ Sξ) suh that
• |{a˙kτ,l : l < L}, X˙ξ,τ | < ε for eah k, τ (use ompatness of H˙),
• all a¨kτ,l are distint and at distane > δ for some xed δ > 0.
For l < L nd a solid ylinder X˜kξ,τ,l ⊆ X˜ξ,τ of diameter less than ε suh
that
Xkξ,τ,l ⊆nwd {x ∈ Xξ,τ : |x¨, a¨
k
τ,l| < δ/4}.
Next, nd Lkτ ⊆ L suh that
|{a˙kτ,l : l ∈ L
k
τ}, Y˙
′| < |{a˙kτ,l : l ∈ L}, Y˙ |+ ε
(Y˙ ′ ⊆ clY˙ is used here). Now unfold
Xkξ,τ = {x ∈ Xξ,τ : ∀l < L |x¨, a¨
k
τ,l| > δ/3}
to a solid ylinder X˜kξ,τ ⊆ X˜ξ,τ .
For (σ, τ) ∈ S suh that ξ ( σ nd a solid ylinder X˜kσ,τ ⊆ X˜σ,τ suh that
X˙kσ,τ = intX˙σ,τ clX˙
k
σ∗,τ∗ .
Claim. If (σ, τ) ∈ S, ξ,⊆ σ and k′ 6= k, then
clX˙σ,τ = clX˙
k
σ,τ ∪ clX˙
k′
σ,τ .
Proof of Claim. Clearly X˙ξ,τ = X˙
k
ξ,τ ∪ X˙
k′
ξ,τ . Using
clX˙ ∪ clY˙ = cl int clX˙ ∪ cl int clY˙
we get
clX˙kσ,τ ∪ clX˙
k′
σ,τ = cl intX˙σ,τ clX˙
k
σ∗,τ∗ ∪ cl intX˙σ,τ clX˙
k′
σ∗,τ∗
= cl
[
clX˙σ,τ intX˙σ,τ clX˙
k
σ∗,τ∗ ∪ clX˙σ,τ intX˙σ,τ clX˙
k′
σ∗,τ∗
]
= cl
[
clX˙σ,τ X˙
k
σ∗,τ∗ ∪ clX˙σ,τ X˙
k′
σ∗,τ∗
]
= clX˙kσ∗,τ∗ ∪ clX˙
k′
σ∗,τ∗

Now, using Lemma 2 we nd k ∈ K suh that
∀(σ, τ) ∈ S ξ ⊆ σ ⇒ |X˙kσ,τ , X˙σ,τ | < ε.
Let S ′ = S ∪ {(η, τal) : l ∈ Lkτ , τ ∈ Sξ} and put
X˜ ′η,τa l = X˜
k
ξ,τ,l
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(for l ∈ Lkτ ), for (σ, τ) ∈ S put
X˜ ′σ,τ =
{
X˜kσ,τ if ξ ⊆ σ,
X˜σ,τ if ξ 6⊆ σ.

3.6. Constrution of ϕ˙ and ϕ¨. In order to dene ϕ˙ and ϕ¨ we shall on-
strut
• a tree T on ω × ω suh that proj[T ] = ω<ω and Tσ is nite for eah
σ ∈ ω<ω,
• a Lusin sheme 〈Z˜σ,τ : (σ, τ) ∈ T 〉 with the vanishing diameter
property of solid subylinders of A˜ so that
(i) the sheme 〈Z˙σ : σ ∈ proj[T ]〉 also has the vanishing diameter
property,
(ii) Z¨σ,τ is relatively open in
⋃
{Z¨ρ : lhρ = lhσ},
(iii) ∀σ ∈ ωn ∃εσ > 0 ∀ρ ∈ ω
n
|ρ, σ| < εσ ⇒ |Z˙ρ, Z˙σ| < |ρ, σ|+ 2 · 2
−n
Suppose we have done this and let Φ : limT → A˜,
{Φ(s, t)} =
⋂
n<ω
Z˜s↾n,t↾n
be the assoiated map.
Note that for eah s ∈ ωω the tree Ts is nitely branhing, so limTs 6= ∅
and by |Z˙s↾n| → 0 there is exatly one branh ψ(s) ∈ limTs. By Lemma 3
the map ψ : ωω → ωω is ontinuous and therefore its graph is homeomorphi
to ωω via ψ¯ : ωω → limT , ψ¯(s) = (s, ψ(s)). Dene Φ¯ = Φ ◦ ψ¯.
Now, Φ¯ is ontinuous and pi ◦ Φ¯ maps ωω into A. Dene ϕ˙ = p˙i ◦ Φ¯ and
ϕ¨ = p¨i ◦ Φ¯. Note that A ◦ ϕ˙ = ϕ¨ = P ◦ ϕ¨ sine pi ◦ Φ¯ ⊆ A.
Claim. The map ϕ˙ is a homeomorphi embedding from ωω with the Cantor
topology into A˙.
Proof. Note that the map ϕ˙ is assoiated with the Lusin sheme 〈Z˙σ : σ ∈
ω<ω〉. Sine the Cantor topology is ompat, we only need to prove that
ϕ˙ is ontinuous. Fix s ∈ ωω and large n ∈ ω. Consider r ∈ ωω suh that
|r, s| < εs↾n. Then
|ϕ˙(r), ϕ˙(s)| ≤ |Z˙r↾n, Z˙↾n|+ |Z˙s↾n| < |r↾n, s↾n|+ 2 · 2
−n + |Z˙s↾n|
≤ |r, s|+ 2 · 2−n + |Z˙s↾n|

Claim. The map ϕ¨ is a homeomorphi embedding from ωω with the Baire
topology into A¨.
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Proof. From the previous laim we get that ϕ¨ is ontinuous, sine the Cantor
topology extends the Baire topology. To see that it is open note that ϕ¨ is
the map assoiated with the Lusin sheme 〈Z¨σ : σ ∈ ω
<ω〉 and use (ii). 
3.7. Constrution of the solid tree. The following lemma is pretty
straightforward, so we leave it without proof.
Lemma 6. Let S be a tree and 〈X¨σ : σ ∈ S〉 be a Lusin sheme suh that
for eah σ ∈ S the set X¨σ is relatively open in
⋃
{X¨ρ : lhρ = lhσ}. Let
Σ ⊆ S be an antihain. Then for eah σ ∈ Σ the set X¨σ is relatively open
in
⋃
{X¨ρ : ρ ∈ Σ}.
Now, we indutively onstrut the i-th approximation T i = {(σ, τ) ∈ T :
#σ ≤ i} of T and a solid tree 〈Z˜ iσ,τ : (σ, τ) ∈ T
i〉 suh that Z˜ i+1σ,τ ⊆ Z˜
i
σ,τ and
|Z˜ iσ,τ | < 2
−lhσ
We ensure that
(1) if σ 6= σ′, then |Z˙ iσ, Z˙
i
σ′| < |σ, σ
′| (hene |Z˙ iσ, Z˙
i
σk
| < |σ, σk| for eah
k),
(2) if σ = σ′, then |Z˙ iσ| < 2
−lhσ
,
(3) |Z˙ i+1σ , Z˙
i
σ| < 2
−i
(hene |Z˙jσ, Z˙
i
σ| < 2 · 2
−lhσ
for eah j ≥ i).
One this is done, set Z˜σ,τ = Z˜
#σ
σ,τ and note that
(4) |Z˙σ, Z˙σk | ≤ |σ, σ
k|+ 2 · 2−lhσ.
Indeed, |Z˙σ, Z˙σk | ≤ |Z˙
#σ
σ , Z˙
#σ
σk
|+ |Z˙#σ
σk
, Z˙#σ
k
σk
| < |σ, σk|+ 2 · 2−lhσ.
Moreover,
(5) ∀n < ω ∀σ ∈ ωn |Z˙σ| < 5 · 2
−n
.
Indeed, by (2) and (4) we get |Z˙σ| ≤ 2·|Z˙
#σ
σ , Z˙
#σ
σn |+|Z˙
#σ
σn | < 2·|σ, σ
n|+2−n <
5 · 2−n.
Now we show how the above onstrution is used in Setion 3.6. Note
that (5) implies (i). To see (ii) and (iii) observe that:
• (ii) follows by Lemma 6 applied to the Lusin sheme, whose i-th
level is {Z¨ iσ,τ : #σ ≤ i}. The set {((σ, τ), i)) : (σ, τ) ∈ T ∧ #σ ≤
i} is given a tree ordering so that ((σ, τ), i) ≤ ((σ, τ), i + 1) and
((σ∗, τ ∗), i) ≤ ((σ, τ), i+ 1); so
((σ, τ), i+ 1)∗ =
{
((σ, τ), i) if #σ ≤ i,
((σ∗, τ ∗), i) if #σ = i+ 1.
• to see (iii), x σ ∈ ωn and hoose εσ so small that if |ρ, σ| < εσ, then
for eah m < n:
if σ(m) 6= 0, then σ(m) = ρ(m),
if σ(m) = 0, then ρ(m) = 0 or ρ(m) > maxσ, n.
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Then |ρ, σ| < εσ implies that σ = ρ
k
for some k ≤ n and thus
|Zρ, Zσ| < |ρ, σ|+ 2 · 2
−n
, by (4).
The onstrution of the trees T i goes as follows.
Step 0. Put T 0 = {∅, ∅} and Z˜0
∅,∅ = A˜.
Step n→ n+ 1.
Apply Lemma 5 to small ε > 0, S = T n, η suh that #η = n + 1 and
X˜σ,τ = Z˜
n
σ,τ for (σ, τ) ∈ T
n
, as Y and Y ′ use:
(A) if η 6= η′, then use Y = Znη′∗ and Y
′ = Znη′ ,
(B) if η = η′, then use Y = Znη∗ and Y
′ = {y} for any y ∈ Y ,
(note that in both ases we have Y˙ ′ ⊆ clY˙ ).
Put T n+1 = S ′ and Z˜n+1σ,τ = X˜
′
σ,τ for (σ, τ) ∈ T
n+1
.
We need to verify (1) and (2), small ε takes are of (3). Pik σ. There
are two ases
Case 1. Suppose σ = η.
Subase 1A. If we are in ase (A) of the onstrution, then
|Z˙n+1η , Z˙
n+1
η′ | < |Z˙
n+1
η , Z˙
n
η′ |+ ε < |Z˙
n
η∗ , Z˙
n
η′∗ |+ 2ε
the rst inequality follows from Lemma 5(3) and the seond follows from
Lemma 5(4) and hoie of Y, Y ′. Next, if η∗ = η′∗, then |Z˙nη∗ , Z˙
n
η′∗ | = 0 and
we are done; else if η∗ 6= η′∗, then η′∗ = η∗′ (the same plae hanges in η
and η∗) and
|Z˙nη∗ , Z˙
n
η′∗ |+ 2ε ≤ |Z˙
n
η∗ , Z˙
n
η∗′|+ 2ε < |η
∗, η∗′| = |η, η′|
by small ε and indution hypothesis.
Subase 1B. If we are in ase (B) of the onstrution, then we have
|Z˙n+1η | ≤ 2 · |Z˙
n+1
η , Y
′| < 2 · |Z˙nη∗ , Y |+ 2ε = 2ε
sine |Z˙nη∗ , Y | = 0.
Case 2. Suppose σ 6= η. Now (1) follows by
|Z˙n+1σ , Z˙
n+1
σ′ | < |Z˙
n+1
σ , Z˙
n
σ |+|Z˙
n
σ , Z˙
n
σ′ |+|Z˙
n
σ′, Z˙
n+1
σ′ | < ε+|Z˙
n
σ , Z˙
n
σ′|+ε < |σ, σ
′|
by the indution hypothesis and sine ε is small enough.
Finally, (2) follows by Zn+1σ ⊆ Z
n
σ .
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